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Abstract 

Following recent advances in the local theory of current-algebraic orbifolds we present the basic 
dynamics - including the twisted KZ equations - of each twisted sector of all outer-automorphic 
WZW orbifolds on so( 2 n). Physics-friendly Cartesian bases are used throughout, and we are able 
in particular to assemble two Z3 triality orbifolds and three S3 triality orbifolds on so(8). 
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1 Introduction 

In the last few years there has been a quiet revolution in the local theory of current-algebraic 
orbifolds. Building on the discovery of orbifold affine algebras mm in the cyclic permutation 
orbifolds, Refs. laiiEj gave the twisted currents and stress tensor in each twisted sector of any 
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current-algebraic orbifold A{H)/H - where A[H) is any current-algebraic conformal field theory 
[ 6 - 11 ] with a finite symmetry group H. The construction treats all current-algebraic orbifolds at 
the same time, using the method of eigenfields and the principle of local isomorphisms to map 
OPEs in the symmetric theory to OPEs in the orbifold. The orbifold results are expressed in 
terms of a set of twisted tensors or duality transformations, which are discrete Fourier transforms 
constructed from the eigendata of the H-eigenvalue problem. 

More recently, the special case of the WZW orbifolds Ag{H)/H, H C Aut{g) was worked 
out in further detail dansnn, introducing the extended H-eigenvalue problem and the linkage 
relation to include the twisted affine primary fields and the twisted KZ equations of the WZW 
orbifolds. The general form of the twisted KZ equations is reviewed in Sec. [2 There has also 
been progress in WZW orbifolds at the level of characters [isiiiiiiniiiTi. 

In addition to the operator formulation, the general WZW orbifold action was also given in 
Ref. ^ 2 ) with applications to special cases in Refs. ^2 El IS- The general WZW orbifold action 
provides the classical description of each sector of every WZW orbifold in terms of appropriate 
group orbifold elements, which are the classical limit of the twisted affine primary fields. Moreover, 
Ref. gauged the general WZW orbifold action by general twisted gauge groups to obtain the 
general coset orbifold action. 

In this paper we illustrate the general formulation of WZW orbifolds by working out another 
large class of examples in further detail. In particular, we use physics-friendly Cartesian bases to 
describe the basic dynamics, including the twisted affine Lie algebras, the twisted affine-Sugawara 
constructions and the twisted KZ equations of all the outer-automorphic WZW orbifolds on 
50 ( 2 n) = 5pin(2n). This includes two Z3 triality orbifolds and, somewhat surprisingly, three 
triality orbifolds on 50(8) = 6pin(8). 

Some remarks about general WZW orbifolds are also included. In particular, Subsec. 14.21 
completes the solution of the rectification problem for all the basic twisted right-mover current 
algebras, and Subsec. 14.81 completes the computation of the scalar twist-field conformal weights 
for all sectors of all the basic WZW orbifolds. 

2 The Twisted KZ Systems of the WZW Orbifolds 

We begin by reminding the reader that twisted KZ systems are now known 112 [13 El for the 
correlators in the scalar twist-field state^^ |0)(j = T.(0)|0) 

A+{T,z,a) = a{Q\g+{T‘^^\zi,a)g+{r^‘^\z2,(T) ■ ■ ■ g+{T‘^^\zN,(T)\t))^ (2.1a) 

A_{T,z,a) = „{t)\g-{T’^^\zx,a)g-{T^‘^\z2,(j) ■ ■ ■ g-{T^^\zN,(T)\Q)a ( 2 . 1 b) 

*^For the inner-automorphic WZW orbifolds a different set of twisted KZ equations m was given for the corre¬ 
lators in the untwisted affine vacuum state. 
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+ ^ > 0 )| 0 ). = MJnir)A^ + ^ < 0 ) = 0 


(2.1c) 


Jn{r)^i{'^ + < 0)|0)o- — cr(0| Jn(r)At("i + > 0) — 0 (2-ld) 

a = 0,...,A^c-l (2.1e) 

in each sector a of any WZW orbifold Ag{H)/H. Here Nc is the number of conjugacy classes of 
the original symmetry group H, Jn(r)^i{'’^ + the modes of the twisted current algebra 

Eiiia of that sector and 

g{T, z, z, a) = g-{T, z, cr)g+{T, z, a) (2.2) 

is the twisted affine primary field in twisted representation T = T{T,a) of sector a. The sector 
cj = 0 is the symmetric theory Ag(H), H C Aut^ where the currents and affine primary helds are 
untwisted and the scalar twist-field state |0)o = |0) is the untwisted affine vacuum. 

The scalar twist-field states exist for all sectors of all current-algebraic orbifolds. The reason 
El is easy to understand in the equivalent form 

+ ^ > 0)10),, = 0, Jo^(0)|0)<, = 0 . (2.3) 

The first condition holds for any primary state of any (inhnite-dimensional) Lie algebra and the 
second condition restricts our attention to the “s-wave” or trivial representation of the resid¬ 
ual (untwisted) symmetry of the sector. For the WZW permutation orbifolds and the outer- 
automorphic WZW orbifolds on simple g, the scalar twist-held state is also known to be the 
ground state of each sector. 

For each sector a of any WZW orbifold Ag{H)/H , the twisted left-and right-mover KZ systems 
are 


dKA+{T,z,a) = A+{T,z,a)WniT,z,a), , k = 1...N, cj = 0,..., W - 1 (2.4a) 




E 


n{r) 


\ pI'’') 1 ^(p) q~{n) _ n{r) ^ 

—n{r),i/ p{a) —n{r),. 


(2.4b) 


df,A_{T,z,a) =WK{T,z,a)A_{T,z,a), , k = I...N, cj = 0,..., W - 1 (2.5a) 




E 


zir) 

Zp \ piA 1 


q-M q~ip) _ n(r) 1 q-(K) q-{li) 

^ n(r)LL —ri.(r),i/ p{(7) :r n(r)/i —n(r),i/ 


K. / '^hLp 


(2.5b) 
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Aj,{T,z,a) 


f E j = ^E j -4- (7, 2 , <T) = 0, V M (2.6a) 

rMr<") =rl 6 >®rl»>, a,p = 2.-a„ z^, = z^-Zp. (2.6b) 

Here /o(fT) is the order of the automorphism h^j ^ H and the integers n{r) and their pullbacks 
n(r) are obtained from the H-eigenvalue problem of sector a. The twisted tensors £g(CT)(cr) and 
T = T (T, a) are respectively the twisted inverse inertia tensor and the twisted representation 
matriees, formulas for which are given in Ref. m, and the relations in (l2.baB are the Ward 
identities of the residual symmetry algebra of each sector a. In the untwisted sector a = 0, the 
twisted KZ systems reduce to the ordinary KZ system m of the symmetric theory Ag{H). 

The explicit form of the general twisted KZ system (1131)- (EH) has so far been worked out for 
the following cases: 

• the WZW permutation orbifolds [I1II31I11 

• the inner-automorphic WZW orbifolds m on simple g 

• the (outer-automorphic) charge conjugation orbifold on su(n > 3) |13j . 

Ref. also solved the twisted vertex operator equations and the twisted KZ systems in an 
abelian limit to obtain the twisted vertex operators for each sector of a very large class of abelian 
orbifolds^^. The WZW permutation orbifolds also exhibit an extended operator algebra including 
twisted Virasoro generators PEnnii and finally - with emphasis on the WZW permutation 
orbifolds - the general twisted KZ system has been used to study the reducibility m of the 
general twisted affine primary field. 

In what follows, we apply the general theory of WZW orbifolds to work out the basic dynamics 
of all the outer-automorphic WZW orbifolds on 5o(2n), including the triality orbifolds on 5o(8). 
The explicit forms of all the relevant twisted KZ systems are found in Subsec. 14.41 Except for our 
discussion of the rectification problem in Subsec. f4.2l and the action formulation in Subsec. [4. hi we 
concentrate for brevity on the twisted left-mover systems - but the twisted right-mover systems 
[I3II1II11 can be easily evaluated with the same data. 

3 The Currents and Symmetries of so(2n) and so(8) 

For accessibility in physics we begin in the standard Cartesian basis of 5o(2n), where the OPEs 
of the currents of affine 50 (2n) are 

Jij{z)Jkl{w) = - 1 -+ (3.1a) 

{z — W)^ z — w 

i^j — 1 ... 71, • (3.1b) 

abelian twisted KZ equation for the inversion orbifold x —^ —x was given earlier in Ref. HO). 
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Here we have chosen root length = 2 for so(2n > 4) and the invariant level of so(2n > 4) is 
X = 2k/ilP‘ = k. The antisymmetric tensors {cij} satisfy 

~ 2’ Tr(6ijCfci) = {Sij)kl (3-2) 

and the n(2n — 1) independent currents of so(2re) are obtained by choosing 1 < i < j < 2n. In 
what follows we discuss the action of the various outer automorphisms (see the table in App. 
of g = so(2n) and 5o(8) in the notation of Refs. [HI IH] 

^ij,klJkl{^) — ^ij,klJkl{^) 1 ^ij,kl — ^ji,kl — ^ij,lk (^•^) 

k,l 

where the matrix ix = u:{ha) is the action of the automorphism ^ H C. Aut g in the adjoint. 
Moreover, because it will facilitate transition to the orbifold, we will insist in this paper on finding 
bases in which the action a; of each automorphism is diagonal. 


3.1 The parity automorphism P 


As defined below, the parity automorphism P on 5o(2re) is a Z2-type outer automorphism for all 
2n > 6. For 2n > 8, P is equivalent to the exchange of the two rightmost nodes of the Dn Dynkin 
diagrams and for so (6) it is equivalent to the exchange of the outer nodes of the Dynkin diagram 
of 6u(4). Then we know that, up to a unitary transformation, P maps 5 C where S and C 


= 


^ ^ 1 
i=l 

<7i = ±, 

(even number of +) 

(3.4a) 

n 

i=l 

O'* = ±, 

(odd number of +) 

(3.4b) 


are the Weyl spinor reps of spin(2n) with opposite chirality (see also App. 
To obtain a diagonal basis for P, we label the currents as follows 


('^))'^/i('^) — j — !)■■■) 2u 1 (3.5) 

where the set {J^u{z)'\ generates an affine so(2n — 1) at the same invariant level x. In this basis, 
the OPEs of affine so(2n) read 




(z — w)^ z — w 


dppJp(j{w') diicrJpp{w)')-\-(D(^Z to) 

(3.6a) 


Jpuiz)Jp{w) = — - — {5upJp{w) - 5ppJy{w)) + 0{z - wf (3.6b) 

z — w 

Jp_{z)Jy{w) = - -- Jp.v{w) + 0{z - wf . (3.6c) 

[z — wy z — w 
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The automorphism P acts on the currents as 






= - e 


p,2n)i',2n 


= -S’:, 


(3.7a) 


V(^)' = Mz)' = -Mz) (3.7b) 

where the sign reversal of the vector current is a “parity” transformation. This action corresponds 
to the coset decomposition g = h + g/h, where h is the invariant subalgebra and 


5 _ 5o{2n)x 

h 5o(2n — l)x ’ 


(3.8) 


is a symmetric space. As seen in the table of App. El these symmetric spaces correspond to 
the outer automorphisms in entry iv) and the “alternate” charge conjugation automorphism (see 
Ref. Uni) on su(4) 

so(6) ^ su(4) ^ 5u(4) 

so(5) C 2 5P(2) ^ ^ 

given in entry iii) of the table. Note that all Z 2 -type automorphisms, inner or outer, correspond 
to symmetric space decompositions, and vice-versa, but not all symmetric space decompositions 
correspond to outer automorphisms. 


3.2 The charge-conjugation automorphism C 

For any Lie g, the charge-conjugation automorphism C G Z 2 is equivalent to sign reversal {^(T) ^ 
—g{T)} of all weights /i of any irrep T. Correspondingly, the action T' of C on any matrix irrep 
T of Lie g is unitarily equivalent to T 

T' = u;T^T= -T* (3.10) 

where t is matrix transpose. See Ref. CSI for the diagonal action of C in the standard Cartesian 
basis of 5u(n). 

To obtain a diagonal basis for C on 5o{2n)x, we label the currents as follows 

Jij{z) — {<7ab(- 2 ), <7/j( 5 ^), <7a 7(-2^)} (3.11a) 


i = {A,I), A = 1... n, I = n-|-1,..., 2n (3.11b) 

so that the zero modes of the currents {Jab{z), Jij{z)} generate the subalgebra (so(n) ©so(n)) C 
5o(2n). In this basis, the OPEs of affine so(2n) read 


Jab{z)Jcd{w) 


2k{eAB)cD 
(z — wP 


- {SbcJad{w) + SadJbc{w) - SacJbd{w) - SbdJac{w)) 

z — w 


+0 {z-wf 


(3.12a) 
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Jij{z)Jkl{w) = - ihKJlLi'w) + 5ilJjk{w) - 5ikJjl{w) - 6jlJik{w)) 

[z — wy z — w 


+0{z-wf (3.12b) 

Jab{z)Jij{w) = 0{z - wf (3.12c) 

Jab{z)Jci{w) = —^— {5bcJai{w) - 5acJbi{w)) + 0{z - w)^ (3.12d) 

z — w 

Jlj{z)Jak{w) = —— {5jkJai{w) - 5ikJaj{w)) + 0{z - wf (3.12e) 

z — w 

Jai{z)Jbj{w) = -!— {6abJij{w) + 5ijJab{w)) + 0{z - w)'^ . (3.12f) 

[z — wy z — w 

The diagonal action of C in this basis 

^AB,CD = ieAB)cD, ^IJ,KL = {eij)KL, ^AI,BJ = -{&Ai)bJ = -^AB^IJ (3.13a) 
Jab{z)' = Jab{z), Jij{z)' = Ji.j{z), Jai{z)' = -Jai{z) (3.13b) 


is an automorphism of the OPEs (ITT^ . The action defines the symmetric space 

5 __ 50{2n)x _ 

h ®®®(^)a:T(n) 

with invariant subalgebra h = so(n) ©5o(n). 

To see that C is equivalent to charge conjugation on so(2n) = spin(2n), note that the choice of 
Cartan subalgebra {i = 1... re} is entirely in g/h. Then the action of C on these Cartan 
currents is 

Ji, 2 n—i{z') — Ji^2n—i{,z) 1 i — 1 ... re (3.15) 

and, as required by charge conjugation, C reverses the sign of all weights as measured by this 
choice of Cartan subalgebra. 

Of course, this choice is equivalent to any other choice of Cartan subalgebra, for example the 
standard choice { i = 1 ■ ■ ■ re}. For so(4r) the action of C on these Cartan currents is 

J2i-i,2ii^y = i = n = 2r (3.16) 

so that sign reversal of all weights is equivalent to no sign reversal and 

T' = T = r, V r on so(4r) = spin(4r) . (3.17) 


r(re) = 


2 for re = 3 
1 for re > 4 


(3.14) 
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This is in agreement with the table in App. HI which tells us that 

• C = inner automorphism of 5o(4r) (3.18a) 

• C ~ P = outer automorphism of 5o(4r + 2) (3.18b) 

where P is the Dynkin automorphism of 50(2n). More precisely, (I3.18b(l means that to(C) = Kuj(¥) 
where K is an inner automorphism which acts non-trivially. Another way to understand (imi) 
is as follows: Since C reverses the sign of each weight, it is easy to check from the weights (EH) 
that C maps 

S^C for 5o(4r + 2) = spin(4r + 2) (3.19a) 

S ^ S, C ^ C for 50(4r) = 5pin(4r) (3.19b) 

which confirms the statement in (IXTHl) . 


3.3 The interpolating automorphisms {A(2n;r)} 

We consider next a set of Z2-type automorphisms of 5o(2n) 

g so(2n). 


{A(2n;r)}, r = n, ...,2n —1 : 


(3.20) 


h 50(T^xT{r) ©50(2?T, 'f)xT{2n—r) 

which, as we shall see, interpolates between the automorphisms P and C described above. More 
precisely, we find that the “endpoints” of the sequence are 


A(2n; n) = C, A(2n; 2n — 1) = P 


(3.21) 


as one might expect by comparison of the symmetric spaces in with those in EH and 

To describe the action of {A(2n;r)}, it is convenient to employ the same notation used above 
for C, now with the more general ranges 


{A(2n; r)}, r = n,..., 2n — 1 


(3.22a) 


— {JAb(^z) t J t J 


i = {A,I), A = 1... r, / = r + l,...,2n 


(3.22b) 

(3.22c) 


l^AB,CD = {eAB)cD, ^^IJ,KL = {eij)KL, ^AI,BJ = -{eAl)BJ = -^AB&IJ (3.22d) 


Jab{z)' = Jab{z), Jij{z)' = Juiz), Jai{z)' = -Jai{z) ■ 


(3.22e) 
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Bearing these ranges in mind, the OPEs (IXni) are in a diagonal basis for all {A(2n;r)}. 

According to the table of App. El the automorphism A(2n; r) is an outer automorphism of 
50 (2n) only when r is odd, and an inner automorphism when r is even. This gives for example 
the Z 2 -type outer automorphisms 


A(10;5) : 


A(6;3) 

A(8;5) 

5O(10)a, 


50(6)a 


S0(3)2x ® S0(3)2x’ 
50(8)x 

50(5)a; © S0(3)2 x 


S0(5)a, ©50(5)a,’ 


A(10;7) : 


P = A(6;5) 
P = A(8; 7) 
5o(10)x 

S 0 ( 7 )a: © 50(3)20; 


■S 0 ( 6 )a; 

50 ( 5 ) 0 ; 

50 ( 8 ) 0 ; 

SO(7)o; 

P = A(10;9) : 


(3.23a) 

(3.23b) 

50(10)o; 


50 ( 9 ) 0 ; 
(3.23c) 

for 50 ( 6 ), 50 ( 8 ) and 5o(10). More generally, {A(2n;r)} contains m distinct Z 2 -type outer au¬ 
tomorphisms for 5o(4m) and m -|- 1 for 5o(4m -|- 2), and this list includes all the Z 2 -type outer 
automorphisms given in the table for 50 (2n). 


Since all the Z 2 -type outer automorphisms are inner-automorphically equivalent to the Z 2 - 
Dynkin automorphism, we have 


C = A(2n; n) ~ A(2n; n -|- 2) ~ ~ A(2n; 2n — 1) = P, for n odd (3.24a) 


A(2n; n + 1) ~ A( 2 n; n + 3 ) ~ ~ A(2n; 2n — 1) = P, for n even . (3.24b) 

We emphasize however that each automorphism A(2n, r), r = n,..., 2n — 1, inner or outer, gives 
rise to a physically distinct twisted sector. 

We also note that the parity automorphism P = A(2n; 2n — 1) is the only automorphism in 
{A(2n;r)} which is an outer automorphism of 5o(2n) for all n. Moreover, the charge-conjugation 
automorphism C = A(2n; n) is the only automorphism in {A(2n; r)} for which a full set of Cartan 
generators (see Eq. ) IS in g/h - and hence the only one which is equivalent to sign reversal 

of all the weights of each 5pin(2n). 

In what follows, we defer to the mathematicians by treating the case of P = A(2n; 2n — 1) 
separately, but we will often include C = A(2n; n) as a special case of the full set {A(2n; r)}. 

3.4 The triality automorphism Ti 

In this subsection we consider the first triality automorphism Ti G Z 3 which, as we shall see, is 
equivalent to the Dynkin automorphism in entry viii) of the table in App. El In this discussion 
we will use the notation 


{Jij{z)}, l<i<j<8 ; {J^,y{z)], l<fi<iy<7 (3.25) 
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for the currents of so (8) and so (7) respectively. 


We recall first the sequence of maximal subalgebras 

so(8)^ D so(7)^ D ( 02 )x (3.26) 

each with embedding index one. Refs. mug include discussions of this embedding, but we can 
work out what we need from the fact (see e.g. Ref. |2l]) that 02 is the subalgebra of so (7) which 


leaves invariant the octonionic structure constants. 

For the octonions we will use the basis 

'i'fi'i'u — “k ^ — 1... 7 (3.27a) 

5123 = 5247 = 5451 = 5562 = 5634 = 5375 = 5716 = 1 , 9apa9l3p<7 = (3.27b) 

and then we need to solve for the 14-dimensional subspace of 02 currents {Ja{z)} 

Ja{z) = {pA)puJpu{z), ^ = 1...14 (3.28a) 

{PA)aa'9a'fS'Y ~k {Pa) PP'9aP''Y “k {pA)"f"f'9aP'y' — 0, {Pa)up — (,Pa)pu ■ (3.28b) 

An explicit form of the fourteen pa's in a trace-orthogonal basis 

Ttc{paPb) = 9ap.v{pA)p.v = 0, V A, a (3.29) 

is given in App. o The p’s are proportional to the 7x7 matrix representation of the 7 of 02 

= 2ipA, [T^, = HabcT^^ (3.30a) 


/ylBC =-4Tr([pA,PB]pc) (3.30b) 

where Jabc are the structure constants of 02 . The second part of (ICTl) tells us that the remaining 
seven currents in so(7) can be taken as 


Ja{z} — 9ap,vJp,u{,z), CX — 1 ... 7 . 

These and the other seven currents Jasiz), a = 1... 7 of so( 8 ) transform as /’s of 02 . 
R is convenient to introduce the following linear combinations of the two /’s 

1 . , . . . i 


(3.31) 


'^a (^) — ^^{"^asiz) i ^^^Jo,{z)), 


a = 1...7 


which also transform as /’s under 02 . Then the so ( 8 ) current algebra takes the form 

j ! \ i ! \ I ^fABcJc{w) ^0 

Ja[z)Jb(w) = — —H--k 0{z - wY 


{z — wY 


z — w 


(3.32) 


(3.33a) 


10 





, , , ^ ^0 ifAcdJpiw) 

JA{z)Ja{w) = - - - ^0{z-wy = 


z — w 


z — w 


+ 0(z — w)^ 


T±/ \ T±r ^ I 

Ja i^)J0 H = ±y 3 + 0( 


J^{z)Jj{w) = 


z — w 


z — w)^ 


+ 0 {z-wf 


(3.33b) 

(3.33c) 

(3.33d) 


where are the octonionic structure constants in (|3.27bl) , fABC are the 92 structure constants 
in (|3.30bll and 

fAajS = fa0A = -‘^{PA)ag = i{T^'^)a0 ■ (3.34) 

App.O collects some steps and identities used in deriving Eq. dHSSl). 

The result (TOHl) is the desired diagonal basis for the action of the triality automorphism Ti: 


i^A,B = Sab, 

^adi,/3di ^ 

(3.35a) 

Ja{z)' = Ja{z), 

Jt{z)'= e^"-fjt{z) . 

(3.35b) 

A = 1... 14, 

a = 1...7 . 

(3.35c) 


In agreement with entry viii) of the table in App. HI we see that the triality automorphism Ti 
defines the coset space 

g 50 {S)x 


h iQ2)a 


(3.36) 


which is not a symmetric space. 

3.5 The triality automorphism T 2 

We turn finally to the second triality automorphism T 2 (see entry ix) of the table in App. HI which 
is inner-automorphically equivalent to the triality automorphism Ti but defines the inequivalent 
coset space 

n cn (.. 

(3.37) 


g 50(8)a 


h su(3)3a; 

with invariant subalgebra h = su(3) instead of /i = 02 for Ti. In this discussion, we shall use the 
standard (Gell-Mann) Cartesian basis 


gAB=^AB, Iab^" = Iabc, A,B,C = l...8 
to describe the su(3) and, in this basis, any matrix irrep T of su(3) satisfies 

t\ = Ta, [Ta, Tb] = iJabcTc 


(3.38) 


(3.39a) 
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Ta = -T\, t\ = Ta., \TA,TB\=ifABcTc (3.39b) 

where t is matrix transpose. Note that we have introduced two equivalent labellings for the same 
indices A,B,i,j = 1... 8 where i,j are also the vector indices of the generators Jij of so(8). 

We consider first the su(3) currents as they are embedded in the affine 5o(8). These may be 
taken as 

7 .. 1 1 

(3.40) 


Ja{z) = - 7 ;iT'f^)ijJij{z) = --fAijJijiz) = -^fABcJBc{z) 


where is the adjoint rep of 5u(3), and we find from (13.1 aB that these currents satisfy 


T / \ T / ^ Ks^ab , ifABcJciw) , .0 

Ja[z)Jb{w) = 7-72 H-h 0 {z - wy 


{z — wY 


z — w 


keS = Qsu( 3 )<^AB = f AC of BCD ■ 

Then we may compute the invariant level of the su(3) currents 


(3.41a) 

(3.41b) 


^SU(3) = :T2- = kKn(3) = 3k = 3x => V'su(3) = 3 ’ '3su(3) = 2, k^s = k (3.42) 


^5u(3) 

in agreement with the embedding shown in Eq. (EZ 3 )- 

The rest of the 50 ( 8 ) currents transform as the 10 and To of h = 5u(3). We find the explicit 
form of these currents as 

1 1 _i_2Li _i_ 

~ ® (3.43a) 


i9tjK)AB = {T^A)iL{T^i^)jM€.LMK + 5 terms, 6123 = 1 


(3.43b) 


i9ijK)AB = {gjjKTAB = iT^A)iL{T^B^)jMeLMK + 5 terms 


(3.43c) 


^i'^A ^dfjx) — ^idfjKdLMN) — 


(3.43d) 


A, B,i,j = I.. .8 ; I, J, K, L, M, N = I.. .3 ; {IJK] = l...l^ (3.43e) 

where €lmk is the Levi-Civita density and the indices UK of the tensors gfjj^ are completely 
symmetrized as indicated. The matrix irreps and are the 3 and 3 of 5 u( 3 ). 

In what follows, we will generally use the composite notation 

a = {UK} = 1... 10 (3.44) 


for the symmetrized indices. Then we find the following simple form of the desired diagonal basis 
for T 2 ; 


Ja{z)Jb{w) 


AKy + iUA£Kl + o(z-wf 

[z — wy z — w 


(3.45a) 
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Ja{z)j;^{w) = 
Ja{z)J~{w) = 




z — w 


+ 0(z — w)^ 




z — w 


+ 0{z-wf 


(3.45b) 


(3.45c) 


J+(z)J^ {w) 


^ (T^r'UUn.) ^ , 

[Z — wY z — w 


(3.45d) 




[z — w)^ z — w 


(3.45e) 


Jt{z)Jj{w) = + o{z - wf . (3.45f) 

Here we have defined the 10 x 10 matrices 

{Ta°^)ijk,lmn = Y 2 {i'^A^)iLSjM^KN + 35 termsj (3.46a) 

{Ta°^)ijk,lmn = -{Ta°^)lmn,ijk = ^{T^2^)il5jm5kn + 35 termsj (3.46b) 

which are the lo and ib irreps of su(3), and the additional tensors 

giJK,LMN,PQR = ■^:^{Gilp^jmq^knr + 215 terms) (3.47a) 

1 

WiJK,LMN = z^i^iL^M^KN + 35 terms) . (3.47b) 

36 


Useful identities among all these matrices and tensors are collected in App. ^ where it is also 
noted that the matrix 1 in ()3.47h|l is the natural unit matrix in the 10 x 10 space. 

In the basis (E3SI), the action of the triality automorphism T 2 has the same diagonal form 


Ja{z)' = Ja{z), 



(3.48a) 


H = 1 ... 8 , a = 1...10 

as that given for Ti in (IH3S1). 


(3.48b) 
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3.6 The afRne-Sugawara constructions 


In the Cartesian basis (EU), the affine-Sugawara construction 00 [13 muni for level A: = x of 
50 (2n) is well-known 

. X 1 ^ s ^ xn(2n — 1 ) , , 

= a + (3.49) 

i<j ^ ' 

and this construction is easily rewritten in the diagonal bases above: In any basis, the general 
form of the affine-Sugawara construction on simple g is 

J.ab 

T{z) = Lf : Ja{z)Mz) if = (3.50a) 

Ja{z)Jh{w) = -—1 a, 6 = 1... dim (7 (3.50b) 

[z — w)^ z — w 

so that the Killing metric gab and its inverse are easily read from the current-current OPEs 
in any basis. 


We find in particular for the diagonal bases of each of our examples: 

T{z) = • 


/ 4 <!/ 


(3.51) 


{A(2n; r)} 
T{z) 


1 

2k+ Q 


Jab{z)Jab{z) + ^ Jij{z)Jij{z) + ^ Jai{z)Jai{z) : 

A<B I<J A,I 


(3.52) 


Ti and T 2 

T{z) = :'^JA{z)JAiz)+ '^{j;^iz)J-{z) + J-{z)J+iz)) : . (3.53) 

The form (13.531) for the triality automorphisms can also be checked directly using the sum rules in 
(1C.611 and (ID.5al) . It is easy to check that each affine-Sugawara construction in this list is invariant 


TizY = Lf : Ja{z)'Jb{z)' : = T{z) 

under the diagonal action of each of the automorphisms discussed above. 


(3.54) 


4 The Twisted Sectors ||g^} and ^ 

4.1 The twisted current algebras 

In current-algebraic orbifold theory 000IIlllI3IIHllIi], the twisted OPEs and monodromies 
of the twisted sectors of each orbifold A{H)/H are obtained from the OPEs and automorphic 
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responses of the untwisted sector A{H) by the method of eigenfields and the principle of local 
isomorphisms II1E1IS1II2]. As a simple example, the monodromy of the general twisted left-mover 
currents J of sector a is 


'Xi(r)dip(cr),^ '^n(r)p 


n(r) 


(4.1a) 

(4.1b) 


n(r) E {0,... ,p((t) - 1}, cr = 0,..., A^c - 1 (4.1c) 

where p{a) is the order E H, Nc is the number of conjugacy classes of H and the spectral 
indices {u(r)} are determined from the //-eigenvalue problem [21121E] 

= t/t(a)"W^/;„(,)(u) . (4.2) 

Here Ld{ha) is the action oi £ H on the untwisted currents, {p} are the degeneracy indices of 
the eigenvalue problem and the integers n{r) in (ina are the pullback of the spectral indices to 
the fundamental range. 

Solving the //-eigenvalue problem is equivalent to finding a diagonal basis for the automor¬ 
phism, and since we have already found such diagonal bases, we may now choose the trivial 
solution 

U\a) = 11, En(r) = diagu}{h^) (4.3) 

from which the spectral indices are easily deduced. Then we obtain in particular 

ao(2n) 


\A(2. 


so(8) 

TT 




p = 2 , n 

II 

= 1 

(4.4a) 


(■2'^ 

= AAe 

1, Ji,^(2;e^’"*) = -AfiA 

(4.4b) 

i(2n) 1 

2n;r) J 

p -- 

= 2, UAB = 

M 

II 

HAI = 1 

(4.5a) 



Auize^A 

II 

Ji,Ai{ze^A = -Ji,aiA 

(4.5b) 

- and 

p = 3, 

UA = 0, 

— f; 

l,a — 2 

(4.6a) 



= JqA^)^ 


27rz ^ 

= 3 J±iAz) 

(4.6b) 


for the twisted sectors so(2n)/// of the orbifolds on so(2n). 
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Returning to the general case, the monodromy (I4.1al) gives the expansion 


/ , n(r) 

mGZ 


(4.7a) 


(4.7b) 


Jn{r)±p{a){'fn + ± 1 + f^) 

where Jn(r)/i(™' + ^^) the general twisted current modes. This gives in particular for our 
examples: 


0 o( 2 n) 


JoM^) = Y1 JoMm)z-^-\ JiA^) = Y1 (4.8) 


f 0o(2n) ) 
^ A(2n;r) J 


Jo,ab{z) = '^Jo,abA)z "* \ A,ij{z) = '^jQjj{m)z ^ ^ 

m m 

JiMz) = AaiA + i)z-(”^+5)-i 


(4.9a) 

(4.9b) 


so(8) 

TT 


and 


0o(8) 


Jo,a{z) = '^Jo,aA)^ ^ 

m 


m 


(4.10) 


We also give the examples of mode periodicity 

J2,AB{m + ^) = Jo,AB{m + 1), J2,ij{m + |) = Jo_/j(m + 1), J-i^aiA - \) = Ji,Ai{ni - 1 + 5 ) 

(4.11a) 

A2,a(m-± |) = J:^pa(m ± 1 =F |) (4.11b) 

which follow from the general form in Eq. (ITibl) . 

For any current-algebraic orbifold A{H)/H, the general twisted current algebra of sector a is 

[HlIIl] 


p(a 


n(r)+n{s),5 


{AJnir)+n(s),5A + n+^^^^) 


+ (m + IiM)5 

^ £>(<717, 


m+n+Al}p^ Q^n{r)fj.;-n{r),uA) (4.12a) 

p(o-) 


a = 0,...,W-l (4.12b) 

where the zero modes {./o/i(0)} generate the residual symmetry algebra and Ward identities of 
sector a. General formulas are given for the twisted structure constants J-{(7) and the twisted 
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metric ^(u) in Refs. ISHHl) but these reduce to G = krj and T = f for trivial normalization x = 1 
and the trivial solution (gSl) of the //-eigenvalue problem. 

This gives in particular the outer-automorphically twisted current algebra for the twisted 


sector 

-|- Vb) -|- -|- Ti) 

^lipJo,va(j^ T ^vaJo,p,p{jT^ T ^)) 

-\~‘2,k(^€.py^ p(jTn 5 m+n,o (4.13a) 

[jQ,pu{m),Ji^p{n + \)] = i{5ypJi^p{m + n + \) - 5p„Ji^y{m + n + \)) (4.13b) 

[Ji,p{'ni + \),Ji,u{n + \)] = -iJo,pu{m + n + l)+ k5p^{m + \)6m+n+ifl (4.13c) 

Jo^puifn)^ = Jo,pui-'m), ii,p(m -b 4)^ = J_i,^(-m - 5 ) = - 1 -b 4) (4.13d) 

{H, i^,p, a} = 2n-l} (4.13e) 

and for the twisted sectors | A( 2 n^r) | • 

[Jo,ab{^)^ Jo,CDin)] = iiSscJoADi'Bi + n) -b (5 a_d<^,sc(”i + n) 

—SAcJo,BDim -bn) — 6BDJo,Ac{'rn + n)) 
+2k{eAB)cD'mSm+nfl (4.14a) 


[Jo,ij{rn), Jo,KL{n)] = i{5jKJo,iL{m + n) + 6iLJQ,jK{m + n) 

-SiKJo,jL{m -bn) - SjLJo,iK{m + n)) 

+2k{eij)KLm6m+n,o (4.14b) 

[^o,AB(ni), io,/j(n)] = 0 (4.14c) 

[Ji,Aii'm +^),Ji,Bj{n +^)] = -i{6ABJo,ij{m + n + l)+5uJo,AB{m + n + l)) 

+k6ABScD{m + \)5m+n+i,o (4.14d) 

[io,AB(ni), Ji,ci{n + ^)] = i{5Bch,Ai{m -b n -b 4) - 5Ach,Bi{m + n + \)) 

[Jojji'm), Ji,AK{ri + 4)] = i{SjKJi,Al{rn -b n -b 4) - 6iKJi,Ajim -b n -b 4)) (4.14e) 
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Jo,AB{m)^ = Jo,AB{-m), Jo,ij{rn)^ = Jo,ij{-m) (4.14f) 

Ji,Ai{rn + = J-i^Ai{-m - 5 ) = - 1 + |) (4.14g) 

{A, B, C, D} = {1. .. r}, {/, J,K,L} = {r + 1,..., 2n}, r = n,... ,2n — 1 (4.14h) 

and for the twisted triality sector 

[Jo,Aim), Jo,B{n)] = ifABcJo,c{rn + n) + k5ABmSm+n,o (4.15a) 

[Jo,A{m), J±i,a{n ± i)] = ifAai3J±i,i3im + n ± i) (4.15b) 

[J±i,a(m±i), J±i,^(n±i)] = ±<^ga/3'jJ±2,'rim+n±l) = J:^i,^(m+n±l=F 3 ) (4.15c) 


[J±i,a{m ± i), Jq=i,/ 3 (n =F 3 )] = 'ifaf 3 AJo,A{m + n) + kdafiim ± ^)6m+n,o (4.15d) 

Jo,Aim)^ = Jo,A{m), J±i,Q(m ± D'l’= J:fi,a(-m =F I) (4.15e) 

{A,B,C} = {1..A4}, {a,P,j} = {1...7} (4.15f) 

and finally for the twisted triality sector 

[Jo,A{m), Jo,B{n)] = if ABC Jo,dm + n) + k5ABm5m+n,o (4.16a) 

[Jo,Aim), J+i,ain + 3 )] = -(r ^'‘°^)„/3 J+i,/ 3 (m + n + i) (4.16b) 

[Jo,A{m), J-i,a{n - 3 )] = -{fl^°^)agJ-i,dm + n - i) (4.16c) 

[J+i,a{m + i), J-i,0{n - i)] = -{T^°^)apJo,A{m + n) + k{t)af3{m + i)(5m+n,o (4.16d) 

[J-i,aim - 4), J+i,/ 3 (n + 4)] = -{f^A°^)apJo,A{m + n) + k{l)adm - D^m+n.o (4.16e) 

[J±i,dm ± 4), J±i,dn ± 4)] = ±gaf}^J^i,^{m + n ± 1 =F 3 ) (4.16f) 
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= Jo,A{'m), J±i,«(w- ± =F |) 


(4.16g) 


{A,B,C} = {1...8}, {a,/3,7} = {1...10} . (4.16h) 

The twisted current algebras of the sectors so(8)/Tf and 5o(8)/T2 are discussed in Subsec. ES 


4.2 Rectification 


In current-algebraic orbifold theory, it is known na that the twisted right-mover current algebra 




"(s) M 

p(ct) IJ 




n{r)fi,n{s)u 

4(r) 


n{r)+n{s),5 


{<^)Jn(r)+n(s)Arn + n+^^^^) 


{m+ p(a) Q^n(r)ii-,-n{r),uA) (4-17) 

p{(7) 


of sector a ^ ha ^ H is the same as the twisted left-mover current algebra Km . but with the 
sign reversal of the central term shown here. As discussed in Ref. ca, the twisted right-mover 
current algebra Km is isomorphic to the twisted left-mover current algebra of sector and, 
as a consequence, the form Km is in agreement^^ with earlier analysis at the level of characters 

m 

Nevertheless, it has been found on a case-by-case basis that each of the twisted right-mover 
current algebras so far considered can be rectified m by a linear transformation into a copy A 
of the twisted left-mover current algebra: 

• the WZW permutation orbifolds II1II3II3 

• the inner-automorphic WZW orbifolds m on simple g 

• the (outer-automorphic) charge conjugation orbifold on su(n > 3) [T^ . 

So far as the basic types of twisted right-mover current algebras are concerned, this leaves the 
rectification problem open only for the other outer-automorphically twisted affine Lie algebras on 
simple g. 

As a simple example of rectification, we consider first the general inner- or outer-automorphic 
WZW orbifold of Z 2 -type, whose twisted left-mover current algebra has the general form 


[Jo,Aim), Jo,sin)] = iiFo,A-,o,B^’^ Jo,cim n) -h Go,A-,o,Bm6m+n,o 


(4.18a) 


[Jo,Aim), Ji,iin + 4)] = iBo,A-,i,i^''^Ji,jim + n + \) 


(4.18b) 


[Ji,iim + 4), Ji,j(n -h 4)] = iJ^i,i-i,A^'^Jo,Aim + n + 1) + Gi,i-,i,jim + i)(5m+n+i,o (4.18c) 


*®The bracket analogue of the twisted right-mover current algebra KTTl also follows from the general WZW 
orbifold action m 
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A,B,C € h, I,J£ g/h 


(4.18d) 


with g/h a, symmetric space. This form includes in particular the Z 2 -twisted current algebras of 
all the special cases 


5o(2n) 
A(2n; r) 


D 


so( 2 n) so( 2 n) 

c ■■■ P 


(4.19) 


given above. Then, reversing the signs of the central terms to obtain the corresponding twisted 
right-mover current algebra, we find that the following redefinition 




A /("i + I) = 


Jigi-m -1 + 4) (4.20) 


rectifies the twisted right-mover current algebra into a copy of the twisted left-mover current 
algebra Km . In fact, there is a theorem m which tells us that the twisted right-mover currents 
of all Z 2 -type orbifolds are rectifiable because h~^ = h„ for the non-trivial element of the Z 2 . The 
result (I07|l shows explicitly that this can be done without extra phases. 

On the other hand, we find from Eq. that some non-trivial phases are necessary 

='^o,A(-m), i) =-J:^i,„(-m +4) (4.21) 

to rectify the twisted right-mover current algebra of the twisted triality sector so(8)/Ti. 

We have also been able to find the rectification for the twisted triality sector so( 8 )/T 2 : 

= WAB Jo,B(-m), «/±i,a(m ± i) = + 4) . (4.22) 

In this case ujab cannot be trivial and the simplest choice is u; = ti;(C), the (outer-automorphic) 
action of charge conjugation C on su(3): 

tA'^' = = ff , fA'^' = ojabAjA = (4.23a) 


= u:abAA°^ = 


= coabtA"^ = 


^A —^ab^^b ~-^a > ^A —^ab^^b ~^a ■ (4.23b) 

The diagonal action of this automorphism in this Cartesian basis is given in Ref. m, where it is 
noted that the symmetric space 

(4.24) 


9_ 

h 


5u(3) 


3x 


S0(3)i2x 

is defined by this automorphism. As discussed in Subsec. 15.21 the rectifications (14.211) and (14.221) 
hold as well for the twisted triality sectors 5 o( 8 )/Tf and 5 o( 8 )/T 2 respectively. 


Together with the conclusions of Refs. [la ESI El, this completes the rectification of all the 
basic types of twisted right-mover current algebras. The rectification problem is not completely 
solved however because there exist more general twisted current algebras associated to the com¬ 
position of automorphisms of different basic types. Examples of these are the “doubly-twisted” 
current algebras of Refs. Hill, which result from the composition of permutations of copies of g 
with inner automorphisms of 0 . 
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4.3 The twisted affine-Sugawara constructions 


For any current-algebraic orbifold A{H)/H, the twisted affine-Virasoro construction of sector a 

is ISIISI 

: 4(^)4^, a) a) c = c (4.25) 

where C{a) is the twisted inverse inertia tensor and : • : is operator product normal ordering 
dElig of the twisted currents. The explicit form ini El of C{a) = C{L,a) for all A{H)/H is 
a duality transformation of the inverse inertia tensor of the corresponding untwisted affine- 
Virasoro construction PEHiiiniiii] of the symmetric CFT A{H). The special case of the WZW 
orbifolds is described by the general twisted affine-Sugawara construction PEI 

f^{z) = : Jnir)>.{z, ct)J_„(,),( z, u) C 3 = Cg (4.26a) 


(o') = ^Lg, a) (4.26b) 

where is the ordinary inverse inertia tensor of the untwisted affine-Sugawara construction 
0 Cl Ea Ea EH] r = Lf : Ja Jft : in the symmetric theory Ag{H). 

Because each of our automorphisms acts in a diagonal basis, the twisted inverse inertia tensor 
of each of our twisted sectors is equal to the ordinary inverse inertia tensor £^(fj)(cr) = Lg. Then 
Eqs. (I3.51j) - (I3.53I) and give the explicit forms of the twisted affine-Sugawara constructions 

so(2n) 

P 




2k+ Q 


(4.27) 


U<i' 


f so(2n) ] 
\A(2n;r) j 


f(z) 


1 

2k+ Q 


Jo,ab{z)Jo,ab{z) -I- ^ Jo,ij{z)Jojj{z) -I- ^ Ji,Aiiz)J-i,Ai{z) : 

A<B I<J A,I 


(4.28) 


go(8) and 

Ti T 2 


f{z) 


1 

2k+ Q 


■ ^ ^ (^)(^) 4“ (■2')<7—1,0; (-z) 4“ 1,0 (- 2 ) <7i,o(^)) • 

A a 


(4.29) 


for each of our examples. 

We turn next to the left- and right-mover conformal weights Ao((t), Ao((t) of the scalar twist- 
field state of sector cj, whose general form is 

Taiz) = ^ L„{m)z~"^~‘^, L„{m > 0)|0)c. = 5m,oAo((T)|0)o- (4.30a) 
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A„(a) = ^ (^1 _ gn(rM-,-nM,M} = (4.30b) 

in each sector of every current-algebraic orbifold A(H)/H. The result (|4.80bll is most easily 
derived by going over to the M or mode-ordered form um of the Virasoro generators and using 
(I2.1cl) . (I2.1dl) . The special case of (I4.3nbl) for the WZW orbifolds 


A„(<t) = £ 


n(r)fi;—n{r),u 

0 (f^) 


(cr) 


r,ii,u 


n{r) 

2 p{a) 


1 - 


n(r) 

p{<^) 


^ n{r) fi;—n{r) ,u 


(7) 


(4.31) 


is not difficult to evaluate for particular classes of WZW orbifolds (see Refs. [Hio rH] for the 
WZW permutation orbifolds, Ref. m for the outer-automorphic charge conjugation orbifold on 
5 u(n) and Ref. m for the inner-automorphic WZW orbifolds). 

For our purposes, we note that the general result (lOTl) is also easy to evaluate for all low-order 
inner or outer automorphisms of the large class of permutation-invariant Lie algebras g 


9 = ki = k 


(4.32a) 


Ao(cr) = edim5-/h- 

+ ^0 

Here h is the invariant subalgebra of g, while /ig and Xg are respectively the dual Coxeter number 
of 0 and the invariant level of affine 0 . To see this for order p = 2 and simple g, use the identities 

Go,a-,o,b = kpo,A\0,B, = dim/i (4.33a) 


e = 


B for p = 2 
^ for p = 3 . 


(4.32b) 


= dimg/h (4.33b) 

and similarly for p = 3 and for the permutation-invariant algebras in (I4.32al) . 

Then Eq. (|4.32bl) on g = so(2n) gives the twist-field conformal weights for our Z 2 examples 

so(2n) 

P 

> 0)|0)^ = ^ > 0)|0)ct = 0 (4.34a) 


Ao 


^ so(2n) ^ 


( 2 n — l)x 
16(x-h 2 (n - 1 )) 


(4.34b) 


f B0(2n) f 
\ A(2n;r) / 


JoABiiB > 0)|0)c. = Jo,ij{m > 0)|0)ct = Ji,Ai{rn + ^> 0)|0)^ = 0 


(4.35a) 


Ao 


/ 50(2n) \ 

\A( 2 n; r) J 


r{2n — r) x 

16 x + 2 {n-l)' 


r = n,... ,2n — 1 


(4.35b) 


22 























so(2n) so(2n) 


An 


5o(2n] 

C A(2n;n) ■ 

where x is the invariant level of the affine so( 2 n). 


9 

n X 


16(x + 2(n-l)} 


For the twisted triality sectors on g = so ( 8 ), Eq. gives 

a°(8) and 

Ti T2 


Jo,A(m > 0)|0)ct = J±i,a(m ± | > 0)|0)cr = 0 


(4.35c) 


(4.36a) 


60(8) 


7 


An 


so(8) 


10 


(4.36b) 


Ti ) 9x + 6 ’ " \ ) 9x + 6 

where x is the invariant level of the affine so(8). Because and T| also have order p = 3, 
Eq. ()4.32h|l tells us that the conformal weights of the scalar twist-fields of the twisted sectors 
so(8)/T^ and so(8)/T| 


so(8) 

Tf 


= An 


so(8) 


An 


so(8) 


= An 


so(8) 


(4.37) 


are the same as those given in (14. 36b |) . The twisted sectors so( 8 )/T^ and so( 8 )/T 2 are further 
discussed in Subsec. 15.21 

Note that the scalar twist-field conformal weights are different for each of the Z 2 -type twisted 
sectors on so(2n) and for the twisted triality sectors so( 8 )/Ti and 5 o( 8 )/T 2 , even though all the 
outer automorphisms on each g are inner-automorphically equivalent. This is not surprising since 
it is well known that inner-automorphic spectral flow 0122 ] affects conformal weights. 

For completeness, we also evaluate (I4.32bl) to give the scalar twist-field conformal weights of 
the twisted sectors of all the other outer-automorphic orbifolds on simple g: 

(n — l)(n - 1 - 2 ) X 


An 


An 


Eq 


su(n) 

5o(n) 

su(2n) 

sp(n) 

13 


32 X -|- n 
(n — l)( 2 n - 1 - 1 ) X 


16 


X 


An 


Eq 


X -|- 2n 


21 X 


(4.38a) 

(4.38b) 

(4.38c) 


8 X-M2’ yCiJ 8 x + 8 

Here we have chosen to label the twisted sectors by their corresponding symmetric spaces g/h, 
and X is the invariant level of affine g. For the charge conjugation orbifold on su(n), the result 
(I4.38al) was Efiven earlier in E.ef. m- 

Taken with the corresponding results given in Refs. [nmaiiii, this completes the computation 
of the scalar twist-field conformal weights in each sector of all the basic WZW orbifolds. 
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4.4 The twisted KZ systems 

In the general theory of WZW orbifolds I3E1II1II1II11 the description is extended to include 
the twisted affine primary fields g = g-g+ of sector a and their OPEs, e.g. 

a)g+ (T, w, a) = a) + 0(z - (4.39) 

where 5 +(T, z, cj) is the left-mover twisted affine primary field in twisted representation T = 
T{T,a). When acting on the scalar twist-field state |0)o- of sector a, the twisted affine primary 
fields create the twisted affine primary states M of sector a 

|T)ct = lim g+{T,z,a)z'^^'^’‘^'>\0)a (4.40a) 

2:^0 


Jn{r)ii{'IT^ + — d cr'^nir), O') 


m-\- '7' N iO 


(4.40b) 


where 7 (T, a) is the so-called matrix exponent of the twisted affine primary field. Moreover, the 
OPEs of the twisted affine primary fields lead to the twisted vertex operator equations of sector a 
and the general left- and right-mover twisted KZ systems [12-14] of the WZW orbifolds. 

For twisted sector a of any WZW orbifold, the general twisted left-mover KZ system [HII3II11 
has the form 


A+{T,z,a) = a{0\g+(T^^\zi,a)g+{T^‘^\z2,(j) ■ ■ ■ g+(T^^\zN,cr)\ 0 )c 


(4.41a) 


df^A+(T,z,a) = A+{T,z,a)WK{.'T,z,a), k = I...N, a = 0,...,Nc-1 (4.41b) 

A+{T,z,a) |^^Tj;)(r,a) 

where the general twisted left-mover connection WK{'T,z,a) is given in Eq. (I2.4bl) . The general 
Ward identities in (I4.41c|) are associated to the residual symmetry of each sector a. 

Using the data above, the general twisted left-mover KZ system is easily evaluated for each of 
our examples: 

Bo(2n) 

P 


= 0, y p, 


(4.41c) 


Wn{T,z) 


2 

2k Q 





E 




1 


E q-{K)q-{K) 


(4.42a) 


i+(T,z,) 



= 0, y pu £ so(2n — 1) 


(4.42b) 
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f so(2n) ] 

A(2n;r) J 

W,{T,z) 


2k+ Q 




p^K 


^K,p 


2Zf 


q-yp) q-W _|_ \ ^ q-yp) q~y^) i 

.A<B 


2 


/<J 



\ ^ '7'(p) '7'(^) 


A7 


E q-(f^) q- 

^1,A/^- 


(k) /-y-(re) 

-1,A/ 


A/ 


(4.43a) 


TV 


AT 


i+(T,z) = i+(T,z) = 0, M AB, IJ G so(r) © 5o(2n — r) (4.43b) 


v.«:=l 


\K=1 


so(8) 

~W~ 


W^{T,z) = 


2k+ Q 


1 q-{p)q-{>^) ,sr^ ( ( ^p\ q-iP)q-M 

~ ^0,A^0,A + Z^ [~ A,a ^-1,Q 

\A=1 

, 7 

_ \ ^ fq'{^)q'i^) I r\q-{f^) q--{^)'' 


^ ^"(p) q~M 
^ I ■‘-l,a-‘l,a 


a=l 


N 


A+{T,z)[Y,'Tm =0, V^ega 


(4.44a) 


(4.44b) 


'\K = l 


0o(8) 




2k+ Q 


^ \ ^ / q~{^)q~{^) I 9^C^) ^(' 


^A=l 
10 


E ;(; ( E 7,57,5 + E ( (I) " + (i) " 


k) 


Q=1 


(4.45a) 


N 


i+(T,z)(^rM =0, V^GSU(3). 


(4.45b) 


\K=1 


The twisted KZ systems of the sectors 5o(8)/T^ and 5o(8)/T2 are discussed in Subsec. 15.21 
The twisted representation matrices T = T (T, a) satisfy the general orhifold Lie algebra 

['‘n(r)/i.5 ‘^n{s)v\ n{r)ii,n{s)v \^)‘^n{r)+n{s)^5 


'Y 

'^n(r)dip(f7 


),p = Tn(r)p. [T(^\rW]=0, p + 


')+n(s),(5 

(4.46a) 

p + K 

(4.46b) 
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in sector a of the general WZW orbifold, where J-{a) are the same twisted structure constants 
which appear in the general twisted current algebra (EH. For our examples then, the orbifold 
Lie algebra takes the specific forms: 

so(2n) 

P 




so(2n) 1 
A(2n;r) J 

[%,AB,%,Cd] = iiSBC%,AD + ^AD%,BC “ SaC%,BD “ ^BD%,Ac) 
[%,ij-,T'o^kl] = ii^jK^ajL + SilTqjk — 5ik%,jl — SjlTqjk) 
[%,AB^%,Ij] = 0 

= —z((5ab'?o,/j + SijTq^ab) 

\^Q,AB-,'^1,Ci] = i{^Bc'^l,AI — Sac'^i,bi) 

[%,IJ,'^1,Ak] = i{SjKTl,AI — SikTi,Aj) 


so(8) 

TT 


ao(8) 

TT 


= ifABC%,C, ['?0,A,'7±1,o] = ifAa/3'^±l,^ 


['^±l,a,'T±l,l3] = ±y^5a/37^2,7 = ±^^50/37^10 


Al,/?] = ifal3A%,A 


['^,a,'7o,b] 


[To,a,Ti,„] = 


['T+ga,'?’-!,/?] 


-(r("°))„;3To,A, 


ifABC%,C 
[To,a,T_i,„] = 


(4.47a) 

(4.47b) 

(4.48a) 

(4.48b) 

(4.48c) 

(4.48d) 

(4.48e) 

(4.48f) 

(4.49a) 

(4.49b) 

(4.49c) 

(4.50a) 

(4.50b) 

(4.50c) 
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(4.50d) 


More explicit forms of the twisted representation matrices are discussed in the following subsection. 

Using (I4.4hcl) . (I4.5()cl) and the fact that Tr(r^^°^) = 0, we obtain the simplified form of the 
triality connection for so(8)/Ti and so(8)/T2 


W^{T,z) 


2 

2k+ Q 


p^K 


\ '' n~{p) 
/ . ^0,A 
A 


+E 


OL 



'-rip) 

^l,a — 1,0 


+ 



'-rip) 

•^ — 1,0 



1 

Zk. 


E '-ri^) '-ri^) 
^ 1,0 ^- 1,0 
o 


(4.51) 


where the ranges of A and a for the two cases are given in and (im . Although flatness of 

the twisted connections is guaranteed by the construction, we have used (ICTl) and (11301) to check 
explicitly and at length that the twisted triality connection (I13T]) is not only flat but abelian flat 


dpW^{T, z) - d^Wp{T, z) = [W,{T, z), Wp{T, z)] = 0 (4.52) 

for both 5 o( 8 )/Ti and 5o(8)/T2. As noted in Subsec. 15.2L the twisted KZ connections of the 
twisted sectors so(8)/T^, T = Ti and T2 are also abelian flat. 

Including the explicit check m of flatness for all orbifolds of Z2-type, this completes the 
explicit check of flatness for the twisted KZ connections of each sector of all the outer-automorphic 
WZW orbifolds on simple g. 


4.5 Representation theory 

We turn now to discuss the explicit form of the twisted representation matrices. 

For each sector a of any WZW orbifold Ag{H)/H , the general formula for the twisted repre¬ 
sentation matrices 


%i{r)p = '^n{r)p{T,cr) = Xnir)picr)U{a)n{r)p''U{T, a)TaU\T, a) (4.53) 

is given in Ref. m- Here Ta, a = l...dim g can be any untwisted matrix representation of g. The 
quantities U^icr) and U^{T,a) are the eigenvalue matrices of the H-eigenvalue problem and the 
extended H-eigenvalue problem respectively, while {x} is a set of normalization constants. 

Since we are starting in a diagonal basis for each automorphism, we may set x(o') = U^{a) = 1 
(see Eq. (1131) 1 to obtain a simplified form for the twisted representation matrices 

T(r, a) = U{T, a)TU^ (T, a) . (4.54) 
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Nevertheless, we must still solve the linkage relation m for W(ha'jT) given and the extended 

H-eigenvalue problem [12] for U^{T,a) 

W^{K-T)TaW{K-T)=u:{K)a^n = Ta' (4.55a) 

W{K; T)U^ (T, a) = (T, cj)E{T, a) (4.55b) 

in order to evaluate the twisted representation matrices in (HSU). Here uj{ha) is the action of 
her ^ H CL Aut{g) on the untwisted currents of affine g and W{hrj',T) is the action of ha in 
untwisted representation T. 

Solution of the relations in is straightforward for any “real” irrep T of g, where real is 

defined here as the unitary equivalence 


T' = ujT^T 


(4.56) 


for any automorphism group H of any g. A simple example is the adjoint representation of 
any g, for which it is known that [HIS] 


(j,adj)^c ^ W{ha,T^^) = iviha), U{T^^,a) = 

in each sector of every WZW orbifold. In our case, this gives the simple form 

{a) = 1 => , a) = 

and the specific resnlts 


cr 


so(2n) 


To,/,.(r"dj) = ri,^(r"'ij) = r; 


jN, _ rpadj 
/i,2n 


(4.57) 


(4.58) 


(4.59) 


so(2n) 
A(2n; r) 


To^ab{T^^)=TX% =7^1/ (4.60) 


: To,A{T^'^^)=Tf = {pA)^uT^tK T±i,„(T-dj)=T-dj± = ^(r„f 


Ti 


I 

2 V 3 " 


(4.61) 


^ : To,AiT^^^) = Tf = -lfAijTf, T±i,„(r"<ij) = (5^),,!;^^ (4.62) 

are obtained for the twisted sectors of this paper. More generally, the solntion of the linkage 
relation (I4.55al) is guaranteed for real representations by the unitary equivalence T' = T. 

For outer automorphisms of simple g we must also consider “complex” irreps for which 


Ji(c)/ _ ^ rj^ic) 


(4.63) 
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and in this case we must take the representation T to be reducible [HIISI. As an example, for 
any outer automorphism uP' = 1 oi the Z 2 type it is known that m 



WHt)W(T) = 


(4.64a) 


(4.64b) 

(4.64c) 


(4.64d) 

where W{T) and U{T), E{T) are respectively the solutions of the linkage relation H4.55a|) and the 

extended //-eigenvalue problem in (I4.55b|) . Then Eq. (|4.54jl gives in particular for any complex 

representation 

so(2n) 



j.(c)/ 


ToMT) = U{T)T^,uHt) = 


Ti,^(r) = U(T)T^^2nU\T) = 


(rp{c) _rp(c) \ 

(4.65a) 

0 

0 

(4.65b) 

0 T^ln \ 

0 ] 

(4.65c) 


f so(2n) 
A(2n;r) ’ 


r odd 


} 


Ji(c) 


(rp{c) rp(c) rp{c)\ 


rp{c)l 


(rp{c) rp{c) 



(4.66a) 


To,ab{T) = U{T)TabUHt) 


To,ij{T) = U{T)TjjU^{T) 


'/I, A/ (T) = UiT)TAiU^{T) 


rp(c) 

^AB 

0 



0 rg \ 

a; 0 j 


(4.66b) 

(4.66c) 

(4.66d) 


29 








in each of our outer-automorphically twisted sectors of Z 2 -type. Specific examples of Eqs. (gSSJ), 
(I06ll are obtained by substitution of the Weyl spinor reps = S' in App. El The 

conjugate Weyl spinors are automatically included as in this formulation. 


For either of the triality automorphisms Ti or T 2 we find instead 


Ta = 


/ ri'* 

0 

0 ^ 


f 

0 

0 \ 

» 

rpic)f 

a 

0 

= 

0 

brp{c) 

Wa J^b 

0 

1 0 

0 

j4c)„ y 


1 0 

0 



( n 


(c)/ 


Ta' = iOa^n = 


0 


0 \ 


0 n 


(c)/ 


V 0 


0 ri") / 


W{T) = 


(T) = 


^/3 


/ 0 0 1 \ 

11 0 0 , 

\ 0 1 0 / 

1 gSTTi/Sj 

V 1 1 1 

/ 1 

E{T) = 


11 0 0 

W\T)W{T) = W^{T)=\ 0 10 

0 0 1 

1 0 0 \ 

U\T)U{T)=\ 0 10 

0 0 1 / 


(4.67a) 


(4.67b) 


(4.67c) 


(4.67d) 


0 0 \ 

0 0 (4.67e) 

\ 0 0 y 

where W{T) and U^{T), E[T) are respectively the solutions of the linkage relation (|4.55a|) and 
the extended 77-eigenvalue problem in (I4.55b|) . 

To be more explicit for the twisted triality sectors, we introduce the unified notation 

rj^ic) ^ r^=) + , T^")-) ( 4 . 68 a) 


t { c )> ^ (T^=),e-^rW+,e^rW-), 
Ti : Tf = 

'2^AijT^j 


T 2 : 


T{c)n ^ (4.68b) 


= (4.68d) 


where is any complex irrep of so( 8 ) = 5pin(8) under Ti or T 2 . Then the twisted representation 
matrices T(T) of so( 8 )/Ti or so( 8 )/T 2 


To,a{T) = U{T)TaU\T) = 


( Tf 


0 0 


0 T 


(c) 


(4.69a) 


V 0 


0 T 


(c) 
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Ti^a{T) = U{T)T+U\T) = e 

T_i,„(r) = [/(r)r-c/t(r) = e 

are obtained from Eqs. (ITOl) and (i™ . 


0 0 \ 


0 

0 



(4.69b) 

rp{<:) + 
a 

0 

0 

/ 


( ° 

0 

rp(c) _ 

.t a 

\ 


rp(c) — 
-L a 

0 

0 


(4.69c) 

\ 0 

rp{c) _ 
OL 

0 

/ 



As an explicit example, let us work out the untwisted and twisted representation matrices 
corresponding to the complex reps and of 5o(8) = spin(8) under Ti or ¥ 2 - We 

begin with the familiar form of the untwisted vector rep of so (8) in the standard Cartesian 

basis: 



* 

II 


(4.70a) 

¥1 

: vP = 2i{pA)f,uefj,u, 


(4.70b) 

T 2 

■ Va'^ = -ifAijSij, 


(4.70c) 


In this case, we can dehne both the untwisted Weyl spinor rep and the untwisted conjugate Weyl 
spinor rep directly from the vector rep and the Z 3 automorphism 
5(c) ^ y(c)/ ^ ^y{c) ^ + 

(^(c) ^ 5(c)/ ^ ^y(c), ^ ^ 2 y{c) ^ ^y{c) + ^^-^y{c)-^ (4.71b) 

where to can be taken as u;(Ti) or to (¥ 2 ). Then the required reducible representation T is 

/ 0 ° \ 

Ta=\ 0 0 (4.72) 

V 0 0 (to2F(‘=))„ ) 


and the twisted representation matrices 


%AiT) = 


(y. 


(c) 


0 c. 


V 0 


(c) 


0 \ 
0 


0 / 


(4.73a) 


/ 0 

w(c) + 
y a 

0 

\ 


( 

0 

0 

y(c)- 
y a 

\ 

0 

0 

y(c) + 
y a 


2-Ki 

, T_i,„(r) = e 3 


y(c)- 
y a. 

0 

0 


V yt'^^ 

0 

0 

/ 


1 

0 

y(c)- 

y a 

0 

/ 


2-Ki 

T+i,„(r) = e 3 


(4.73b) 

follow from (ESH). For the twisted triality sectors so(8)/¥i and so(8)/¥2 the explicit forms of 
the entries here are given in Eqs. (|17nt),c). 
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4.6 Action formulation of outer-automorphic WZW orbifolds 


The classical theory of WZW orbifolds is described by the general WZW orbifold action mdiiH] 
on the cylinder (^, t) and the solid cylinder T, which reduces to the form 

SigiT^a)] = J (fCTT{g-^{T,a)d+g{T,a) g-^{T,a)d-g{T,a) ) 


+ Y^^Tr((ff ^{'T,a)dg{T,a) 


(4.74a) 


Tr(r,rb) = y{T)5ab, 


e 


1 for real reps T 

< 2 for complex reps when p = 2 

3 for complex reps when p = 3 


(4.74b) 


for each twisted sector a of all the outer-automorphic WZW orbifolds on simple g. Here g{T, a) = 
g{T{T,a),^,t,a) are the group orbifold elements of sector u, which are the high-level or classical 
limit of the twisted affine primary fields. The group orbifold elements are locally group elements 
but they exhibit the monodromy 


g{T, i + 27r, t, a) = E{T, a)g{T, t, a)E{T, a)* 


(4.75) 


where E{T,a) is the eigenvalue matrix of the extended 77-eigenvalue problem in (I4.55bll . The 
result generalizes the action given for the charge-conjugation orbifold on 5u(n) in Ref. m- 

The group orbifold elements can be expressed in terms of the twisted tangent space coordinates 

/3 


g{T{T,a),^,t,a) = + 27r,t) = (4.76) 


where 7)j(^)^(T, u) are the same twisted representation matrices discussed in the operator for¬ 
mulation above. The consistency of the monodromy of f3 in (ITOll and that of g in (lOSl) is a 
consequence of a selection rule for the twisted representation matrices m- 

This gives the explicit forms of the group orbifold elements for each of our twisted sectors 

so(2n) 

P 


g{T,^) = 


+ 27r) = + 27r) = 

(4.77) 


f so(2n) f 
\A(2n;r) / 


5(T,0 




(4.78a) 


pO,AB(^^ + 27r) = /3°’^^(0, + 27r) = + 27r) = (4.78b) 
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(4.79a) 


+ 27r) = + 27r) = /3^^’“(0 (4.79b) 

where T = T{T,a) and we have suppressed the time label t. The explicit forms of T for real and 


complex representations are discussed in the previous subsection. The corresponding discussion 
for the charge conjugation orbifold on su(n) was given in Ref. m- 

5 Assembling the Orbifolds 
5.1 The Z 2 orbifolds on 5 o( 2 n) 

Using the development above, we may construct the orbifolds 


^so{2n)(^2(lP)) d50(2n)(Z2(A(2n;r))) 

Z 2 (P) ’ Z2(A(2n;r)) 

of type Z 2 on so(2n). These orbifolds have an untwisted sector a 


(5.1) 


r = n,... , 2 n — 2 


0 and one twisted sector 


a = I, called respectively so(2n)/P and so(2n)/A(2n; r), r = n,..., 2n — 2 in this paper. Among 
these, only those generated by P and {A(2n;r), r = odd} are outer-automorphic orbifolds, while 
the others are inner automorphic. Following the counting in Subsec. roi we have then constructed 
the number N of distinct Z 2 -type outer-automorphic orbifolds on 5 o( 2 ?t- > 6 ) 



r on so(4r) 
r + 1 on so(4r -|- 2) . 


(5.2) 


In what follows, we consider the more intricate orbifolds of types Z 3 and S 3 on so( 8 ). 


5.2 Two Z3 triality orbifolds on so(8) 


There are two outer-automorphic Z3 orbifolds on so (8) 


^50(8)(^3('I’i)) ^go(8)(^3Cr2)) 

Z3(Ti) ’ Z3(T2) 


(5.3) 


and each of these orbifolds has three sectors: the untwisted sector a = 0 , a first twisted sector 
(7 = 1 called so(8)/Ti or so(8)/T2 above, and a second twisted sector a = 2 which corresponds 
to so( 8 )/T 3 or so( 8 )/T 2 respectively. Our task in this subsection is the description of the a = 2 
sectors. 


For T = Ti or T2, the action a;(T^) = ti;(T)^ is given by 


: Ja{z)'= Ja{z), Jt{z)'= e^—Jt{z) 


(5.4) 
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in the same diagonal bases given above for Ti and T 2 . The untwisted affine-Sugawara construction 
(18.5811 holds as well for and T|. 

The phase reversal for in (IO|) relative to the action of ^(T) tells us that the twisted 

current algebra of so( 8 )/Tf or so( 8 )/T 2 is the same as that given for 5 o( 8 )/Ti or so( 8 )/T 2 in 
Eqs. (liT5l) and (lirBli . but with the map 

^ m=Fg, J±i,a(m ± i) ^ (5.5) 

for both cases. We may then rewrite the twisted current algebras of so( 8 )/T^ in the standard 
forms given for 50 ( 8 )/T in Eqs. (14.151) and (glHI). 

For example, we find 

so( 8 ) 

Tj ■ 

instead of (I4.15cl) for 5 o( 8 )/Ti. For the 5 o( 8 )/T^ sector of the orbifold, this is the only 

change in the form of the twisted current algebra. 

For the so( 8 )/T 2 sector of the Z 3 (T 2 ) orbifold, we find again the standard form (14.151) . but 
with the replacement 
50 ( 8 ) 


± i), J±i,/ 3 (n ± i)] = =FV + n ± 1 =F 5 ) (5.6) 


Ti 


± 5 ), J±l,/3(n ± §)] = =F5a/37'^=Fl,7("^ + n ± 1 =F |) 


(5.7) 


and everywhere. 

The rectifications (OTl) or Km . the twisted affine-Sugawara constructions Km and the 
scalar twist-field conformal weights (1071) are the same for the sectors 5 o( 8 )/T^ as they are for 
the sectors 5 o( 8 )/T. 

The twisted representation matrices T{T, a) of the a = 2 sectors satisfy the same orbifold Lie 
algebras (lO^ and (lOni) but with the map 

5o( 8) so( 8 ) 


T±i,a{T) ^ T:fiAT) 


(5.8) 


T T 2 ■ 

which mirrors the twisted current algebras. This means that we can construct the twisted repre¬ 
sentation matrices of sector a = 2 from the ones discussed above for sector cr = 1 : 

TA{T,a = 2)=TA{T,a = l), T±i,„(r, u = 2) = T^i,„(r, u = 1) . (5.9) 

Then the explicit forms of the twisted KZ connections and Ward identities for the <7 = 2 sectors 
of the Z 3 triality orbifolds are 


W^{T,z,a = 2) 
2 


2k+ Q 




, ^K,p 
p^K 


A 





1 

^ q'(p) I 

2-1,q;-'1,q “T 


^\.a 2 — 1,0 


(5.10a) 
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(5.10b) 


i+(T,z,cr 


N 


2) E^o 


(ft) 

0,A 


\K,= 1 


= 0 


^ = 1... 14, 


a = 1...7 


for 


so(8) 

Tf 


^ = 1 ... 8 , 


a = 1...10 


for 


so(8) 


(5.10c) 

where these twisted representation matrices T, which satisfy (inUll and (Esni), are the same ones 
we constructed for 5o(8)/Ti and 5o(8)/T2 in Subsec. f4.5[ These twisted connections are also 
abelian flat. 


For the group-orbifold elements discussed in Subsec. EM we find instead the forms 


so(8) 


and 


so{8) 


g{T, e + 27r, a = 2) = EiT)*giT, C,a = 2)E{T) (5.11a) 

5(T, ct = 2) = (5,11b) 

+ 2tt) = + 27r) = /3^^’“(0 (5.11c) 

where E{T) and these twisted representation matrices are again the objects defined for the o" = 1 
sectors in Subsec. ESI 


5.3 Three S 3 triality orbifolds on so(8) 


In the following subsections, we will assemble the three S3 triality orbifolds on 50 ( 8 ): 

^„(8)(53(P,Ti)) ^„(8)(53(A,T2)) ^„(8)(53(A,Ti)) 


S3(P,Ti) 


53(A,T2) 


A3(A,Ti) 


(5.12a) 


P~ A(8;5) ^ A^ A. (5.12b) 

In this notation, each S3 is generated by the Z 2 and the Z 3 element shown in its argument. 

Some comment will be helpful about the variety of Z 2 outer automorphisms in H5.12bl) . The 
outer automorphisms P and A(8;5), discussed explicitly in Sec. 01 are related by a non-trivial 
inner automorphism K 

TiD S0(8)a; . S0(8)a: 


50 ( 7)3 


A(8;5) : 


50(5),r ©50(3)2 x 


(5.13a) 


P~A(8;5): a;(P) = A'a;(A(8; 5)) 


(5.13b) 
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which changes the dimension of the invariant subalgebra h of ¥ versus A( 8 ; 5). The three A-type 
automorphisms in (15.12hll are related by the (trivial) inner automorphisms u and v 


A(8;5)^A^A: uj{A) = u^u;{A{8;5))u, (u(A) = u'f(u(A(8; 5))u (5.14) 

which act as permutations of the so(8) indices and preserve g/h = 5 o( 8 )a;/( 5 o( 5 ) 2 : ©so(3)2x)- It 
is known ismn that conformal weights are invariant under such two-sided automorphisms, and 
that, indeed, all the twisted tensors of the orbifold can be taken invariant.!^ We may therefore 
consider the twisted sectors 5o(8)/A and so(8)/A as identical to the twisted sector 5o(8)/A(8; 5) 
given above. 

In what follows, we use the diagonal basis {Ja-, Ja) discussed for Ti and T 2 in Subsecs. 13.41 
and 13.51 

5.4 The triality orbifold Agj,(8)(S'3(P,Ti))/S'3(P,Ti) 

To see the first S '3 triality orbifold in (EUl), we use Eqs. (ITM . (jSSU), (EZl) and (I3.35jl to 


establish the following transformation properties under P and Ti 

a;(P) {Ja{z), Jt{z)) = {Ja{z), -J^{z)) (5.15a) 

u;(Ti) {jA{z),Jt{z)) = (jA(^),e^^J±(z)) (5.15b) 

u;(PTi) {jA{z),Jt{z)) = (jA(z),-e^^J^(z)) (5.15c) 

u;(TiP) {Ja{z), Jt{z)) = [Ja{z), -e±¥ J^(z)) (5.15d) 

^(Ti^) (Ja(z), J^(z)) = {jA{z),e^^ (5.15e) 

A = l,...,14, a = l,...,7 (5.15f) 

where uj{CD) = uj{C)u){D) and the index A labels the invariant 02 subalgebra of Ti. From these 
transformation properties, we verify that 

p2 = = (PTi)^ = 11 (5.16) 


so P and Ti generate an S '3 whose group table is shown in Tableland whose conjugacy classes 
are 


0 - = 0 : 11 

a = l: P,PTi,TiP 

a = 2: Ti,Ti2. (5.17) 

^"‘See e.g. Eq. (2.28) of Ref. 0. For our special case 17(A(8;5)) = 1, choose U{A) = u and U{A) = v, with the 
same E = w(A(8; 5)). 
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Then for the S 3 triality orbifold 


^„(8)(53(P,Ti)) 

53(P,Ti) 


(5.18) 


we may choose the twisted sectors 5o(8)/P and so(8)/Ti given above as the representatives for 
sectors <7 = 1 and a = 2 respectively. 



P 

PTi 

TiP 

Ti 

Tf 

p 

1 

Ti 

Tf 

PTi 

TiP 

PTi 

Tf 

1 

Ti 

TiP 

P 

TiP 

Ti 

Tf 

11 

P 

PTi 

Ti 

TiP 

P 

PTi 

Tf 

11 

Tf 

PTi 

TiP 

P 

1 

Ti 


Table 1: S 3 group table generated by P and Ti. 


5.5 The triality orbifold Ag 0 ( 8 )(S' 3 (A, T 2 ))/S' 3 (A,T 2 ) 

For the second S 3 triality orbifold in (EHU), we first define the action of the outer automorphism 


A with h = so(5)x © 5o(3)2a; 

~ ~ ~ (5.19a) 

A, .6 = 2, 5, 7, /, j = 1,3,4,6,8 (5.19b) 

which is permutation-equivalent to A(8; 5) in (13.221) . A more convenient form of this action is 

aj{A)Jij{z) = = (5.20a) 

^(^)ab ~ ^Ab^ — ~^iji ^i^)Ai ~ ^i^)iA ~ ^ (5.20b) 

where Q{A) is recognized as the action of charge conjugation C on 5u(3) given in Ref. |13j . Then 
it is not difficult to check that 

{Tf)um)Mm)ij = m)ABiTfh (5-21a) 

= 7)^'^ (5.21b) 

{g^)kin{A)^P{A)ij = {g^)ij (5.21c) 
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where A,B,i,j = 1... 8 . Moreover, we may use these relations and Eqs. to compnte 

the actions 


a;(A) (J^(z), 


-^a ( 2 )) = ( 



e^fj^(z)) 

(5.22a) 

^(T2)(Ji(^) 


II 

77 


1 , ( 


(5.22b) 

a;(AT2) {Ja{^) 


II 




(5.22c) 

a;(T2A) (j^(. 


z),J^{z)) 

= {Ja{ 


z),-J^{z)) 

(5.22d) 

u;{T2 ^) {J^iz) 


II 

{^Ai^ 

)) •^/(^)) 

e±¥j±(^)) 

(5.22e) 

A = 2, 

5,7, 

7 = 1,3,4 

,6,8, 

a = 1,. 

..,10 

(5.22f) 


where {Ja\ = {Ja-^ currents of the invariant 5 u( 3 ) snbalgebra of T 2 . The so( 3 )i 2 a; C 

su(3)3a; generated by {J is not the 50 ( 3 ) 2 ^ in the invariant subalgebra of A. Prom (15.2211 we 
verify that 

= ¥ 2 ^ = (AT2)^ = 11 (5.23) 

and the same group table (see Table P) and conjugacy classes (ICTTl) are obtained with P —> A 
and Ti —> T 2 . It follows that, for the S '3 triality orbifold 

S3(A,T2) ' ■ ' 

we may choose the twisted sectors 5 o( 8 )/A( 8 ; 5 ) and so( 8 )/T 2 given above as the representatives 
for sectors cr = 1 and 2 respectively. 


5.6 The triality orbifold Agp(g)(S' 3 (A, Ti))/S' 3 (A,Ti) 

Our last S '3 triality orbifold is the most intricate of the three. 

We begin by defining the action a; (A) of the outer automorphism A 


Jfiuiz)' 

II 

II 

1 

(5.25a) 

“Tag, 

00 

II 

1 

00 

(5.25b) 

= 1,2,3, 

/i, z> = 4,5, 6 , 7 

(5.25c) 


which (like the automorphism A) is permutation-equivalent to A( 8 ; 5) in (13.2211 . Relative to the 
notation of Subsec. EH we have decomposed the so(7) vector label /r as {fi} = A more 

convenient form of this action is; 

= 1...7 (5.26a) 

u;{A)J^s{z) = Q{A)^^,Jf,fs{z) (5.26b) 

m)af. = m)f.a = « • (5.26c) 
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Then it is not difficult to check that 


— 9atMui Qfiu'p'p — 9pvp (5.27a) 

~ iPi)p'i^'^{^)p'p^i^)u'u ~ ~{Pj)pu (5.27b) 

i = 1,2,5,6,11,12, 1 = 3,4,7,8,9,10,13,14 (5.27c) 


where gaP'y are the octonionic structure constants in Eq. (|3.27bll and {pa} = {PA^pf} is the 
trace-orthogonal 02 basis given explicitly in App. o 

Finally, we use the relations together with Eqs. (I3.28all . to compute the action 

of A in the Ti basis 


(^)) = (5.28a) 

^(Ti) [jj^{z),Ji{z),J^{z),J^{z)^ = (^Jj^{z),Jf{z),e'^^J^{z)^ (5.28b) 

u;(ATi) (j^(z), J,(z), J±(z), J±(z)) = (j^(z),-J^(z),e^¥j^(z),-e^¥jJ(z)) (5.28c) 

a;(TiA) (j^(z), J^(z), J±(z), J±(z)) = (j^(z), - J,(z), e±¥ Jj(z),-e±¥ Jj( 2 ;)) (5.28d) 

a;(Ti2) (j^(z), J,(z), J±(z), J±(z)) = (j^(z), J,(z),e±^J±(z),e±^J±(z)) (5.28e) 

i = 1, 2, 5, 6 ,11,12, 1 = 3,4, 7, 8,9,10,13,14, d = 1, 2,3, /I = 4, 5, 6 , 7. (5.28f) 

where {Ja} = {'¥¥/} are the currents of the invariant 02 subalgebra of Ti and we have also 
decomposed the /’s of 02 as {} = {J^-,J^}- From the action (I5.28j) . we verify that 

A^ = Ti^ = (ATi)2 = 1 (5.29) 


and the same group table (see Table P) and conjugacy classes (ICTtI) are obtained with P —> A. 
It follows that, for the triality orbifold 


A,,(8)(g3(A,Ti)) 

53(A,Ti) 


(5.30) 


we may choose the twisted sectors 5 o( 8 )/A( 8 ; 5 ) and so( 8 )/Ti given above as the representatives 
for sectors cr = 1 and 2 respectively. 

In a sense, this third S '3 triality orbifold is a surprise. We have checked that the phases 
Eolq = e'^^°EaQ of the fixed or invariant simple root operators in the realization of the Dynkin 
automorphisms are as recorded in Fig.^ where the solid double arrows denote the three S 3 triality 
orbifolds we have now constructed. The diagram shows clearly that the relative simplicity seen 
above for the vertical pairings is correlated with paired trivial or paired non-trivial phases of the 
fixed simple root operators. For the third orbifold, however, we have mixed a trivial phase for the 
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Z 3 with a non-trivial phase for the Z 2 . The phases of the Z 2 automorphisms are further discussed 
in Add.IeI 


T'aO 


^OLQ T'ckq 



A 


T 2 


Aq-q Aq/q 


. _ 27ri 

Eao — G 3 Eq,q 


Fig.^ Phases of Ea^' for the S 3 triality orbifolds. 


The diagram in Fig. ^ also suggests the existence of a fourth S 3 triality orbifold corresponding 
to the dashed line, but we have proven (see App. El) that no such fourth S 3 orbifold can be 
constructed. 

Although all our orbifolds are consistent on the sphere, they should also be checked against 
modular invariance on the torus - but this is beyond the scope of the present paper. 
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A Outer automorphisms and invariant subalgebras 



glh 

i 

A2r/Bj. = 5u(2r -|- l)/5o(2r + 1) 

ii 

^2r-ilDr = 5u(2r)/so(2r) 

iii 

A^r-xjCr = su(2r)/C',.=5u(2r)/sp(r) 

iv 

Dr+ilBr = 5o(2r -I- 2)/5o(2r -|- 1) 

V 

® B, — n] — 5o(2r + 2)/[5o(2n -|- 1) © 5o(2(r — n) + 1)] 

vi 

Eq/F4 

vii 

EelCi 

viii 

D4/G2 = so(8)/s2 

ix 

D4/A2 = so(8)/5u(3) 


In the form g/h, this table gives the inequivalent realizations (homogeneous gradations) of the 
Dynkin automorphisms of simple g in terms of their invariant subalgebras h. To our knowledge 
this information appeared first in Table 5 of Ref. m- The first seven entries of the table are 
of type Z 2 (a;^ = 1 ), where g/h is a symmetric space, while the last two entries are of type Z 3 
(u;^ = !)• Different entries for the same g are inner-automorphically equivalent (see e.g. Ref. |li-ip 
because each entry represents the same Dynkin automorphism of g. Nevertheless, the twisted 
sector corresponding to each entry on each g is physically distinct. 

The cases i) and ii) complete to 5u(n)/so(n), identified in Bef. [T^ as the charge conjugation 
automorphism C on su(re), and the corresponding charge conjugation orbifold on 5u(n) is also 
discussed in that reference. The present paper discusses the twisted sectors and orbifolds corre¬ 
sponding to all the outer automorphisms on 50 (2n), including P (entry iv), {A(2n;r),r = odd} 
(entry v), Ti (entry viii) and T 2 (entry ix). 

When realizations differ on the same g, the difference is in the phases of the fixed simple root 
operators under the Dynkin automorphism (see e.g. Ref. m ). As an example consider 50 (2n > 6) 
in the Cartan-Weyl basis, with simple roots and Cartan generators: 

Ci i 1, . . . , 7Z 1, ^(n) ^n—l T Cn (A.la) 


hi = Ci ■ H, i = 1.. .n . (A.lb) 

Then we have checked in particular that explicit realizations of the outer automorphisms P and 
A = A(2n; 2n — 3) may be completed by starting from the actions on the simple root operators 


P 


50 (2n) 
5o(2n — 



E ' — E 
E ' = E 


i = 1,... , n — 2 
E ' = E 


(A.2a) 
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50 (2n) 

5o(2n — 3) © 5 o(3) 

(A.2b) 

and hi = hi, i = 1,... n — 1, hn = —hn for both cases. This computation verifies that the series 
in entry v) of the table is outer-automorphic down to and including Bi = so (3). We also give the 
generators of the invariant Bi = so(3) C (so(2n — 3) ©so(3)) under the action of A 

{^±a^n-l) “I") ^n—l} (■^•3) 

because this case is of special interest in the text (See Subsecs. 13.3115.51 and ESI)- For the outer 
automorphisms on so ( 8 ), the phases for the fixed simple root operators are shown in Fig. ^ 



E ' — E 


i = 1,..., n — 3, 


P / _ _ 771 

-^^(n-2) ~ -^»(n-2) 


E ' — E 


E ' — E 


B Spinor reps of spin(2n) 


We consider as examples some standard m constructions of Dirac and Weyl spinor reps of 
spin( 2 n). 


In the first example, the Dirac gamma matrices { 7 *} are constructed from n complex fermions 
as follows 


{bi,b]} = dij, {bi,bj} = {bl,b]} = 0, i,j = l...n 


— sB — 


(B.la) 


li = 


h + b. 


i = 1 .. .n 


j{bi-n-bl_J i = n + l,...,2n 


= ^bij, i,j = l...2n (B.lb) 


t ( 0 Tj 

^* = 7.= rt 0 


r,rt + F^r| = rlr,+Ftr, = 25,, 


(B.lc) 



z = 1...n 

- 7 i z = n + l,...,2n 


(B.ld) 


where t is matrix transpose. This gives the Dirac spinor rep {Dij'\ of spin(2n) and its decompo¬ 
sition into the Weyl reps Sij and Cij\ 


Oi, - © - j (B.2a) 

= 4 = j(r.rt - rjr|), c,, = 4 = j(r;r,. - r*r.). (B.2b) 

Each of these reps satisfy the algebra of so(2n) = spin(2n) 

[Tij,= i{6jkTii - 6ikTji - SjiTik + SiiTjk), T = D,S or C (B.3) 


as expected. 
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We know from the text that the automorphic transforms T' of T 


T' = ujT, T = D,SotC, a; = w(A(2n; r)), r = n, ...,2n —1 (B.4) 

also satisfy Eq. (ICT . For these reps we find that T = T' when prime is charge conjugation 
C = A(2n; n) 


(T),, = -{T% 


I Tij i,j = l...n OT i,j = n + l,...,2n 
1 —Tij i = 1.. .n, j = n + 1,... ,2n 

Ti/, T = D,S ox C 


(B.5a) 

(B.5b) 


where uj for C is given in (lAldajl . More generally, charge conjugation gives T' = T for all irreps 
of any Lie g. Together, (IXTHl) and the result lira tell us that 


spin(4r + 2), C~P: Sij'= Sij = Cij, Cij'= Qj = Sij (B.6a) 

spin(4r), C 9 ^P: Sij'= ^ Sij, Ci/= Cij ^ (B.6b) 

where prime is charge conjugation. In the language of the text, the Weyl reps are real under C 
for 5pin(4r) and complex under C for 5pin(4r + 2). 

Other representations can be more natural for other automorphisms. Consider for example 
the well-known m Dirac spinor rep of spin(8): 


7i = li = 'll = 


0 Ti 

rj 0 


■p* _ ■p p't _ 

^ i — ^ ^ i — 


-Ti i = l...7 

r« i = 8 


(B.7a) 


e = it 2 = 


0 1 

-1 0 


ri = e(8)e(8)e, r2 = l<8)ri(8)e, r3 = l(8)r3(8)e, r4 = ri(8)e(8)l 


(B.7b) 

(B.7c) 


Ts = r 3 <8) e <8) 1, Tg = —e <8) 1 (g) ri, Ty = e (g) 1 (g) rs, r8 = l(g)l(g)l (B.7d) 

where the Weyl spinor reps S and C are again computed from Eq. (ES). In this case we verify 
that S' = C and C = S 


= 


Sij — 


4^ * ' ^ I j = 8 

s^/ 

Cij' 


(B.8a) 

(B.8b) 

(B.8c) 


where prime is the parity automorphism P in (EHI). 
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C More about the embedding so(8)a: D £ 0 ( 7 ) 3 ; 3 ( 02)3 


A trace-orthogonal set of solutions {pA, A = 1... 14} of Eq. (I3.28b|) is 

Pi = ^(^23 - ee?), P2 = ^(^23 + 667 “ 2645 ), P?, = —^(^37 “ 614 ) 


^/2 




^/2^ 


(C.la) 


P 4 — -^(637 + 614 + 2626 ), P 5 — -^(647 — 655), P6 — -^(647 + 656 + 2613), (C.lb) 

11 1 

P7 = -^(616 — 624), PS = -^(616 + 624 + 2635), /Jg = — (625 — 634) (C.lc) 

pro = (625 + 634 + 2617), Pll = ;^(ei2 — 646), Pl2 = -^(612 + 646 + 2657) (C.ld) 


1 , , 1 , 

Pl3 — - 627 ), Pl4 = + 627 - 2615 ) 


(C.le) 


where the antisymmetric tensors {eij} are defined in (|3.1bl) . Then using Ja = (pa) • J and the 
second part of (Eim, one obtains the 02 OPE (I3.33al) and the following OPEs 


JA{z)Ja{w) = 


ifAapJpiw) 


z — w 


T r \ T l \ '^fAapJpsiw) ,Q 

JA[z)Ja8[w) = --h 0{Z - W) 


Ja 8 {z)Jps{w) = 


z — w 
k6ap iJapiw) 


{z — w)"^ z — w 


J t \ J / \ V2k5ap dPfi'yda'yu'jJfj.i'i'W, 

Ja[z)Jp[W) = - -777 + 


{z — 


Ja{z)Jp8{w) = Ja8{z)Jp{w) = 


z — w 


‘^^SaP'y J-f8 (^) 


Z — W 


‘^{PA)aP 

(C.2a) 


(C.2b) 


(C.2c) 

'- + 0 {z wf 

(C.2d) 

t-wf 

(C.2e) 


by direct computation. The rest of the OPEs in (TOHll then follow from and (RT^ . 

In computing H3.33cjl we also hnd an operator term proportional to but the coefficient is 

6(6q/3)/31/ dafj.'ydpu-y T dP/i'jdau'Y ~ b • (0-3) 

A consequence of this sum rule is the identity 

badpbpdugcip^gpcr-y — b d (6 • d) (C.4) 
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for arbitrary 7-vectors b and d. The identity (I(h4|) allows us to verify the familiar lemma 


\AB\ = \A\\B\ = y/(a^ + 62)(c2 + d?) (C.5) 

for arbitrary octonions A and B with modulus \a + h ■ i\ = a? + h‘^. 

Finally, we consider (I3.33dl) . In this case, the terms proportional to J^g cancel and the term 
proportional to J^i, has the coefficient 


^2 gflfj.'yga'yu) 

(C. 6 a) 

T ’^gafj'ygfJ.u'y 

(C. 6 b) 

~‘^{PA)a(3{PA) fiu 

(C. 6 c) 


where we have used the sum rule (EH to obtain (Kl.Gbll . The last identity in (1(1. 6 cl) shows that 
the operator term is in 02 and verifies that the totally antisymmetric structure constants satisfy 
as they should. Octonionic identities of the type shown in H(1.3I) and (Kl.bcjl are discussed 
from a different point of view in Ref. m- 


D More about the embedding so( 8 ) 2 , D su(3) 


3x 


We list here some identities which we need to obtain the diagonal basis of the triality automor¬ 
phism T 2 in Subsec. inm The basic properties of the 3 of su(3) are 


rpii) _ 




Tr = 0, Tr A,B = 1...8 




A=1 


I,J,K,L = 1,2,3 


(D.la) 

(D.lb) 


where {A^} are the Gell-Mann matrices and V’ 5 u( 3 ) is the root length squared of su(3). 
Using the definitions in the text, we find the identities 


Tf^y = -Tf, {gty = -gt, a = l,...,10 


(D.2a) 


Tr = Tr {rfgt) = Tr [gtg^) = 0, Tr (gtgj) = ^ (D-2b) 

where t is matrix transpose. The matrix 1 in (I3.47bll is the true identity matrix in the 10 x 10 
space because 

^ijk-,lmnBlmn = Bjjk, a = {UK} = I,... ,10 (D-3) 

for any symmetric rank 3 tensor B. 
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We also find the commutation relations 


[Tf.gt] = [Tf,g^] = -{T^A^)^^g -0 (D.4a) 

\gt^gp\ = [gt.gt] = (D-4b) 

and the tensor (see (ld.47al) l is fully antisymmetric. Also useful are the sum rules 

Y.{i3t)ij{ga)ki + {9a)ij{gt)k] = 18C(3)(e*i)fc/ + 6 ^/>"u( 3) (D-5a) 

a A ^ 

ga^sg^sp = ■ (D-5b) 

A A 

In the text, the identities of this appendix are used with V’gu( 3 ) = §• 


E Nonexistence of a fourth S 3 triality orbifold on so(8) 


In Sec. IHl we constructed three S 3 triality orbifolds on 50 ( 8 ) and in Subsec. tl.hl we mentioned 
the possibility of a fourth S 3 triality orbifold on so (8) based on any P = P and the triality 
automorphism T 2 . We now present a proof that no such S 3 can be constructed. 

We begin by noting some properties of the Z 2 outer automorphism P: Since it is a Z 2 automor¬ 
phism, all of the eigenvalues of a;(P) are ±1. Furthermore, we know that any outer automorphism 
P = P on so(8) will leave an so(7) subalgebra invariant. Therefore, ti;(P) has eigenvalue +1 with 
multiplicity 21, and eigenvalue —1 with multiplicity 7. As we shall see, it is this fact which makes 
it impossible to generate an S 3 from P and T 2 . 

To understand this, let us assume the opposite, namely that it is possible to generate an S 3 
from P and T 2 . Then we have the following necessary and sufficient identities: 

T 2 ^ = p2 = (PT 2 )^ = 11 (E.la) 

^ uj(pf = 11, cu(P)w(T2) = w(T2)2u;(P) . (E.lb) 


In the T 2 basis developed in Subsec. 3.5, we know the explicit, diagonal form of ^(¥ 2 ) 

/ h 0 0 

cu(T 2 ) = 0 77I10 0 

\ 0 0 77^110 


_ 27ri 

rj = e 3 


(E.2) 


where the diagonal blocks correspond to the action on the currents (Ja(^), J^{z), (z)) respec¬ 

tively. Using Eq. (IE.21) . we find that the general solution a;(P) of the relations (lE.lbl) is 


u;(P) = 



^8 ~ ^ 8 ; BiqCiq — 11 


10 


(E.3) 
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and so the 20 x 20 submatrix B satisfies 

^ y B^ = ^, Tr(B) = 0. (E.4) 

It follows that B has 10 eigenvalues +1 and 10 eigenvalues —1, and hence ti;(P) (if it exists) has 
at least 10 eigenvalues —1. We have now reached a contradiction because, as we explained above, 
a;(P) must have exactly 7 eigenvalues —1. It follows that there is no fourth S 3 triality orbifold on 
50(8). 

We note in passing that the other Z 2 -type automorphism, namely ti;(A), passes the S 3 test 
above as it must: Because a;(A) leaves 5o(3) ©5o(5) invariant, it has 13 eigenvalues +1 and 15 
eigenvalues —1. 
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